We investigate how relativity influences the spin correlation of entangled fermions measured by moving detectors. In particular, we show that the Clauser-Horne-Shimony-Holt Bell inequality is not violated by quantum mechanics when the left and right spin detectors move fast enough.
The discovery of the Bell inequalities can be considered one of the most important physics landmarks of the 20th century [1] . It allows us to probe the essence of quantum theory by distinguishing it from local hidden variable theories. The genesis of this achievement can be traced back to the Einstein-Podolsky-Rosen discussion about the completeness of quantum mechanics [2] . Presently the Clauser-Horne-Shimony-Holt (CHSH) Bell inequality [3] has been shown to be violated 30 standard deviations [4] , which strongly supports quantum mechanics. In order to contribute to the intense present debate on the interplay between relativity and quantum mechanics (see e.g. Refs. [5, 6, 7, 8, 9 , 10]), we investigate here how the former influences the spin correlation of entangled fermions measured by moving detectors. In particular we show that the CHSH Bell inequality can be satisfied rather than violated by quantum mechanics if the left and right spin detectors are set in fast enough relativistic motion. We adopt natural units = c = 1.
Let us assume a system composed of two spin-1/2 particles A and B with mass m and zero total spin angular momentum. Each particle spin is measured along some arbitrary direction defined on the y⊥z plane. The distance between the planes along the x axis is large enough to make both measurements causally disconnected. This is well known that local hidden variable theories satisfy the CHSH Bell inequality
where a i (i = 1, 2) are two arbitrary unit vectors contained in the y⊥z plane along which the spin s A of particle A is measured, and analogously for the two arbitrary unit vectors b j (j = 1, 2) and spin s B of particle B. Here
is the spin correlation function obtained after an arbitrarily large number N of experiments is performed, and a i · s A and b j · s B assume ±1/2 values. Let us now test the inequality (1) in the context of quantum mechanics, where we allow the left and right detectors to move along the x axis. For this purpose let us begin considering a quantum system composed of two spin-1/2 particles. The corresponding normalized state can be written as [6, 11] (see also Ref.
[12]) |ψ = sA,sB dp A dp
where sA,sB dp A dp
and X = A, B distinguishes between both particles. Taking P µ X and S X ≡ s X ⊗ I as the four-momentum and Wigner spin operators, respectively, where s X is half of the Pauli matrices, we have
X + m 2 , p X ) and s X = ±1/2. Let us now assume that the two-particle system is prepared in a singlet state (see, e.g., Refs. [9, 13] for the two-spinor notation used below)
from which we read
We describe particles A and B by Gaussian packets:
2 ) , w ∈ R + and assume that they move away from the origin in opposite directions at the same rate along the x axis as defined in the laboratory frame: k A = −k B = (|k|, 0, 0). Now we are ready to discuss the spin measurement when the detectors acting on particles A and B have velocities v dA = (v dA , 0, 0) and v dB = (v dB , 0, 0), respectively. This is important to note that each detector will see the wave function |ψ in their proper frames transformed through an unitary transformation [11, 14] :
where
The Wigner rotation can be written in matrix form as
where σ 0 and σ i , i = x, y, z, are the usual 2 × 2 identity and Pauli matrices, respectively. We recall that
By using Eqs. (3) and (9) in Eq. (8), we obtain |ψ ′ = sX ,s ′ X dp A dp
where we have performed the change of variable p X → Λ −1 dX p X and we recall that dp X /p 0 is a relativistic invariant. By using Eqs. (7) and (10) 
sA,sB dp A dp B ψ
using the two-spinor notation:
This is the wave function on which the detectors will effectively act to measure the particle spin. Here
Next we trace out the momenta degrees of freedom since the detectors do only measure spin. As a result, we obtain the following reduced density matrix: (14) with
where we have used that dp X /p 0 X = dq X /q 0 X . Now let us use our previous results to investigate Eq. (1). In quantum mechanical terms, the left-hand side of this equation can be expressed as
By using that
where u, v = a 1 , a 2 , b 1 , b 2 , we cast Eq. (17) as
and finally as 
Eq. (19) is our key formula. Note that when the detectors are at rest α dA = α dB = 0, we recover the usual result:
e. the nontriviality introduced by the detector motion is isolated in the (1 − 2V )(1 − 2W ) multiplicative factor. By defining α i , β i (i = 1, 2) as the angles between a i , b i and the x axis, respectively, we get
For our purposes, this is sufficient to take the simpler case where a 2 = b 1 . By assuming this and φ ≡ cos
Let us, now, focus on the case where both detectors boost away from each other with the same absolute rapidity [15] : tanh |α|. (For |k| ≪ 1 we have verified that similar results are obtained no matter if the detectors move away or approach each other, as it should be.) For the sake of simplicity, we define
. Then, from Eqs. (15)- (16) we have
where we have used cylindrical coordinates with q x as the symmetry axis and
withq r = q r /m,q x = q x /m,q 0 = (q x ) 2 + (q r ) 2 + 1, |k| = |k|/m andw = w/m. Then, we finally obtain the simple expression
For very narrow wave packets in the momentum space, i.e.w ≪ 1, this is easy to analytically solve the integral in Eq. (20) (23) Clearly forw → 0, we recover the standard Bell inequality result irrespective of the detector velocities, i.e. the nontriviality driven by the detector motion in Eq. (23) is not present when the entangled particles are described by momenta eigenstates [8, 10] . This is so because only when particles are described by wave packets, |ψ (which is a pure state according to observers lying at rest in the laboratory) looks like as a mixed state for the moving detectors once they ignore the momenta degrees of freedom [6] . (The corresponding "missing information" gets hidden in the traced out momenta.)
In Fig. 1 we plot F (φ) for different detector velocities, i.e. |α|'s, assuming a wave packet withw = 4. The plots on the top and at the bottom take |k| = 0.01 and |k| = 100, respectively. We note that the standard Bell inequality result is recovered for α = 0 but this is not so when the detectors move. Indeed, F (φ) decreases as the detector velocities increase. For α > ∼ 1.39, and α > ∼ 3.12, we have that F (φ) < 2 in the whole φ range for the |k| = 0.01 and |k| = 100 cases, respectively, i.e. for these α intervals the Bell inequality is not violated for every φ. Our numerical integration was cross checked against the Monte Carlo method and we have verified that it reproduces the analytic value given by Eq. (23) up to 1 part in 10 5 . Next we analyze how the packet width influences in our results. In Fig. 2 we plot F (φ) for differentw values when the detectors have ultra relativistic velocities: α → ∞. Again, we have assumed |k| = 0.01 and |k| = 100 for the top and bottom graphs, respectively. We see that forw → 0 we recover the usual Bell inequality result but as the wave packet widthw increases, F (φ) decreases. This reflects that the nontriviality associated with the detector motion is not manifest when the entangled particles are described by momenta eigenstates. Forw > ∼ 0.87 andw > ∼ 0.37 we have that F (φ) < 2 in the whole φ range for the top and bottom plots, respectively. Some experimental effort to verify the influence of the detector motion in the Bell inequalities using photons can be found in the literature [5] . The natural generalization of our results for massless spin-1 particles would require the entanglement of horizontal/vertical polarized photons, which seems distinct from the one considered in Ref. [5] . This makes both results difficult to compare.
Furthermore the replacement of fermions by photons is not quite straightforward [7] . It would be interesting to verify our results in laboratory since this would also be an indirect test for all the underlying theoretical framework. Although conceptually the required experimental apparatus would be quite simple, this is not obvious to the present authors how difficult would be its realization in practice.
Modern physics is dominated by quantum mechanics and relativity. This is fair to say that the Bell inequalities probe one of the deepest aspects of quantum mechanics. Our analysis shows that the detector state of motion is crucial as one investigates the spin correlation of entangled fermions in the context of the Bell inequalities once one assumes the realistic physical situation where the particles of the entangled system are described by wave packets rather than by momentum eigenstates.
